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Abstract. In this paper, we will deal with some new formulae for prod- 
uct of two Genocchi polynomials together with both Euler polynomials 
and Bernoulli polynomials. We get some applications for Genocchi poly- 
nomials. Our applications possess a number of interesting properties to 
• study in Theory of Analytic numbers which we express in the present 

D , paper. 
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1. Introduction 

As is well known, the Genocchi polynomials are defined by the exponential 
generating function, as follows: 

n=0 

with the usual convention about replacing G n (x) := G n (x), symbolically. 
Taking x = into ([1]), then we have G n (0) := G n which is called Genocchi 
numbers (for details, see [I], [2], 03], 03], OH, US], [20], [23). Differenti- 
ating both sides of (P), with respect to x, then we have the following: 

(2) ^G n (x) = nG n _! (x) . 

By (pQ) and ([2]), we can easily derive the following: 

G n+ i (a) - G n+1 (b) 



(3) / G n (x)dx 

Jb 

By ([!]), we get 



n + 1 



(4) G n {x) = ^( n \G k x n - k . 



By ([3]) and we can derive 



(5) 



f l G n (x)dar = -2%l. 
Jo n + l 
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It is not difficult to see the following: 

(6) e tx = ifJL e (i+^ + JL e ^ 
w 2t Ve* + 1 e* + 1 

1 / n 
= -^(G n (x + 1) + G n (x))-. 

n=0 

By expression of ([6]), then we have 

(7) 2nx n ~ 1 = G n (x + l) + G n (x) 

(see p], [2]). By ©, we see that {G (x) , G% (x) , ■ ■ ■ ,G n (x)} is the 
basis for the space of polynomials of degree less than or equal to n with 
coefficients in Q. 

In [8], Kim et al. introduced the following integrals: 

(8) I m ,n = I B m (x) x n dx and J m , n = E m (x) x n dx 

Jo Jo 

where B m {x) and E n (x) are called Bernoulli polynomials and Euler poly- 
nomials, respectively. Also, they are defined by the following generating 
functions: 

00 j.n + 

(9) e B ^ = Y,B n {x)- = ^-e xt , \t\<2*, 

n\ &■ — 1 

n=0 

(10) e*«« = E^(-)^ = ^T e " l*l<* 

n=0 

with B n (x) := B n (x) and E n (x) := E n (x), symbolically. By substitut- 
ing x = in ([9]) and (fTU|) . then we readily see that, 

t n t 



! e*-l : 



(12) E^(°) 



n=0 

i n 2 



n! e* + 1 

ra=0 

Here S n (0) := B n and i£ n (0) := E n are called Bernoulli numbers and 
Euler numbers, respectively. Thus, Bernoulli and Euler numbers and poly- 
nomials have the following identities: 

(13) B n (x) = J2 (?) B kX n ~ k and E n (x) = £ (fj E k x n - k . 

k=0 ^ ' k=0 ^ ' 

By (jlip and (|12p , we have the following recurrence relations of Euler and 
Bernoulli numbers, as follows: 

(14) B = 1, B n (1) -B n = 6 lyn and E = 1, E n (1) + E n = 2J ,n 

where 5 n ^ m is the Kronecker's symbol which is defined by 

1, if n = m 
0, if n ^ m. 

From of Eqs ([8l ll5p . Kim et al. derived some new formulae on the product 
for two and several Bernoulli and Euler polynomials (for details, see [4-10]). 



(15) 6 n ,, 
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In [3], He and Wang also gave formulae of products of the Apostol-Bernoulli 
and Apostol-Euler Polynomials. With the help of their effectiveness works, 
we are motivated to write this paper. Thus, we also introduce some new 
interesting identities for Genocchi numbers and polynomials in the next 
section. 



2. On the Genocchi numbers and polynomials 

In this section, we introduce the following integral equation: For m,n > 1, 

(16) T m , n = / G m (x)x n dx. 



By (fT6j) . becomes: 

rp G m +i n f 1 n—l j 

■J-m,n — —-. ; — T / ^m+l \X) X ax. 

m + l m + 1 J 
Thus, we have the following recurrence formulas, as follows: 
rp _ G m+ i n 

J-m,n — . ., ... J-m+l,n— 1 

m + l m + l 

by continuing with the above recurrence relation, then we derive that 

_ Gm+i , s 2 n 2 n(n-l) 

n ' n ~ m + l + [ ' (m + l)(m + 2) Um+2+[ ' (m + 1) (m + 2) m 

Now also, we develop the following for sequel of this paper: 

i n ( n+1 ) ( -\\ n+1 r 

] lm > n -n+lj^ l) C+i) m+J+ (n + m + l)r m m Y 

Let us now introduce the polynomial 



p (g) = y Gi (x) x n l , with n G N. 



1=0 

Taking k-th derivative of the above equality, then we have 



(18) p {k) {x) = (n + l)n(n-l)---(n-k + 2)J2 G l-k( 



-i, {-r)x n 1 



l=k 



(MjfE^W^ (A: = 0,l,2,...,n). 
v '' l=k 



On account of the properties of the Genocchi basis for the space of poly- 
nomials of degree less than or equal to n with coefficients in Q, then p (x) 
can be written as follows: 

n n 

(19) p (x) = y a k B k (x) = q + a k B k (x) . 

k=0 k=l 
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Therefore, by (fl"9j) . we obtain 

„\ n r \ n n—1 



«0 



/ p(x)dx = G k (x) x n ~ k dx = V] T fcjn _ fe = T fcjn _& + T fc>0 

^ fe=i' /o fc =i k=i 

n-l t n-fc (n-fc+lA , ,„_jfc4-i „ _ 

From expression of (|18p . we get 
(n + 1)! 



^ G,_ fc+ i (1) - 0"-*G, 



-fc+i 



^ ' \i=k-i 

n—1 

n + 2 z — ' 

From the above applications, we state the following theorem: 
Theorem 2.1. The following equality holds true: 



[■r)X n 1 



n-l /n-fc (n-k+l\ . . n _/ c+1 



/n-fc+l\ . , n _ fc+ i 



n / ^n+2^ n-l \ 



,1112 
fc=l \ l=k-l 



Let us now consider the polynomial p (x) as 

n 

P (s) = £ bkEk ( 



fc=0 



In [8], Kim et aL gave the coefficients by utilizing from the definition 
of Bernoulli polynomials. Now also, we give the coefficients bk by using the 
definition of Genocchi polynomials, as follows: 

h = ^(p (i, (l)+P W (0)) 

= (n + l)( fc J - £ (<?,_»- G,,-*) . 

After these applications, then we can easily discover the following theo- 
rem: 
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Theorem 2.2. The following nice identity 

n 

Y J G l (x)x n - 1 

1=0 

n / , v ( n+1 \ n ~ 1 \ 

= E ( n+1 )(fc)- i f^E ( G '-* - s * (*) 

A;=0 V ^ ' l=k / 

is true. 

We now consider the following polynomial: 

P (*) = £ F? ^ T (x) x-' = £ a t G, (x) . 
It is not difficult to indicate the following: 



n 

(20) ^) W = *g _-__ ,_ tW 



x n -'. 



Then, we see that for A; = 1, 2, • • ■ , n, 

2 2-2 ™ 1 

= IT £ (j - / + 1)! (n - j)! (G '"- ,+1 (1) + ° n ~' G j-i+i) 

n 



2»-2 ^ ( 2 - , 2'- 2 



, ^j-i + iy.in-jy. i\(n-i + iy n ~ l+1 ' 



So, we discover the following interesting and worthwhile theorem for 
studying in Analytic Numbers Theory. 



Theorem 2.3. The following equality holds: 

1 

U{n-l)\ 



E W7^ Gl (x) x 



1=0 

Now also, let us take the polynomial in terms of Bernoulli polynomials as 

n 

p(x) = ^2 a k B k (x) . 
k=0 
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By using the above identity, we develop as follows: 

[-1 "if 1 
a = J p(x)dx = n ( re _ ^| J G l ( x ) ^ n ~ l dx 

n ^ n— 1 

= E /!( n _/)! T ^-' = T "<° + E Z!( n _/)! Tj ' n - J 
/=o y J 1=1 v ; 

o G n+l , W (-J-J I j {-!) G n+i 

" + 1 ^^ Z!(n_Z + 1)! C?) (» + !)(?) 

By (p0|) . we compute coefficients, as follows: 



k\ 



2 *-i - | 



l=k 
n 

I 

l=k-l 



E (Z-A: + l)!(n-0! V G ^ +1 (1) " ^ 
— (2-GVfc+i) ^ 



k\ f£ (I- k + l)\(n-l)\ k\{n-k+l)\ 

Consequently, we state the following theorem. 
Theorem 2.4. The following identity 

n 

(21 > Es^g- 

i=o y ' 



fe+i- 



L.L i n in _ l + 1)] (i+ij (n + i)(») 



n + 

I y f 2 fc ^ " (2 - Q_ fc+1 ) 2 fc ^ \ 

k Ti\ kl l=T-X (l-k + l)\{n-l)\ k\{n-k+l)\ n - k+1 ) k{ ' 

is true. 

In it is well-known that 

(22) G n {x + y) = Y,(t)G k {x)y n - k . 

k=o ^ ' 

For x = y in (|22|) . then we have the following 
1 n 1 

(23) G „ (2l) = y;^-^ W x»-'. 

fc=0 v ; 

By comparing the equations of ([2"Tj) and (|2"5j) . then we readily derive the 
following corollary. 

Corollary 2.5. 

— G n (2x) = the right-hand- side of equation in Theorem 2-4- 
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Let us now introduce 

n-l 



Then, we derive k-th. derivative of p (x) is given by 
(24) 



n-l 



p« (x) = C k (x n ~ k + G n . k (x)) + (n - 1) (n - 2) ■ ■ ■ (n - k) ]T 



n—l 



Gi_ k (x) x 
i=k+i v ' y ' 
where 

Y^Li (n — 1) ... (n — j + 1) (n — j — 1) ... (n — 

G fc = ^^ ^ P LJl L (k = l,2,...,n-l),C = 0. 

n — k 

We want to note that 

p(«) ( x ) = (p^- 1 ) (x)) '= G n _! (x + Gi (x)) = G n _! = (n - l)!tf n _i, 

where H n _\ are called Harmonic numbers, which are defined by 

n— 1 

J 



n—l j 

= St- 



i=i 

With the properties of Genocchi basis for the space of polynomials of 
degree less than or equal to n with coefficients in Q, p (x) is introduced by 

n 

(25) p(x) = ^a k G k (x) . 

fc=0 

By expression of ([25]) . we obtain that 



ak = 2k 



L(p(*-i)(i) +P (*-i)(o)) 

Cfc-i , OJC , (n-l)! ^ (G wl (l) + 0"-^_ fc+i ; 

2A:! U + ^i,n-fc+i; + 2k\{n-k)\ ^ (n - Z) (I - k + 1) 

C k -\ (2-Gi_ fe+ i) 



2k\ 2n (n — l)(l — k + l) 

l=k 



As a result, 



-Lfp(«)(i)+pW (o) 



C n —i H n —\ 



2n\ v / n! n 

In [8], it is well-known that 



By (|24p . (|25j) and (|26p . then we can state the following theorem. 
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Theorem 2.6. The following equality 

n-1 



E 



k=0 

holds true 



2(n-Jfe + l) 



3. Further Remarks 

Let V n = =0 ajx j I aj G Q j be the space of polynomials of degree less 
than or equal to n. In this final section, we will give the matrix formulation 
of Genocchi polynomials. Let us now consider the polynomial p (x) G V n as 
a linear combination of Genocchi basis polynomials with 

p (x) = C G (x) + dd (x) + • • • + C n G n (x) . 

We can write the above as a product of two variables 

/ Co \ 

C 

(27) p(x) = { G (x) Gi(x) ••• G n (x) ) 

\C n J 

From expression of (|27p . we consider the following equation: 

/ 512 9i3 ■■■ flln+l \ 
923 ••• 92n+l 



p (x) = ( 1 X 



) 











93n+l 



/ c \ 

c 2 



\ o J \c n J 

where are the coefficients of the power basis that are used to deter- 
mine the respective Genocchi polynomials. We now list a few Genocchi 
polynomials as follows: 

G 0) = 0, Gi (x) = 1, G 2 (x) = 2x-l, G 3 (x) = 3x 2 -3x, G 4 (x) = 4x 3 -6x 2 -l, ■ 

In the quadratic case (n = 2), the matrix representation is 

/ 1 -1 \ / Go 
p (x) = ( 1 x x 2 ) 2 Gi 
\ / \ G 2 

In the cubic case (n = 3), the matrix representation is 

/ 1 -1 \ 



p (x) = ( 1 x 



) 



2 -3 
3 
\ / 

Throughout this paper, many considerations for Genocchi polynomials 
seem to be useful for a matrix formulation. 
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